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The Self-Generating Balance Hierarchy of PTM 
Why Every New PTM Generation Automatically Balances the Previous 
Level of Stress — and Why the X-Axis Scales With It 

1. The question we had been circling around 

Throughout this Book, one feature kept returning in increasingly different forms. 

We found balance in: 

1467 ∨ 2358, 

69 ∨ 96, 

369, 

147 ∨ 258, 

in 55, in 9/11, in the X-axis totals, in sieve survivors, in residues, in cycle boundaries, and in 
many other structures. 

The remarkable feature was not merely that the same numbers returned. 

It was that balance itself kept surviving changes of representation. 

Binary became decimal. Values became positions. Summing became filtering. Main results 
produced balanced residues. Cycle boundaries produced structures related to balances 
already found elsewhere. 

This led us to the idea of: 

balance-structure invariance. 

The central question then became: 

“Is balance merely something we keep discovering in the PTMD architecture, or is 
PTM itself actively generating progressively deeper balance?” 

We can now answer that question more strongly than when this chapter was first written. 

For the PTM recursion itself: YES. 

And after the later X-axis tests, we can add a second result: the balance hierarchy of PTM and 
the recursive-summing depth of X climb together by a fixed one-to-one law. 

So this revised chapter contains two linked breakthroughs: 

• PTM itself generates a self-deepening hierarchy of exact Prouhet balance. 

• The X-axis equality engine is not a one-level coincidence: recursive X summing is matched 
exactly by higher PTM balance depth. 

The first result explains where the balance comes from. The second explains why the X-axis 
can scale with it. 
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2. Start from almost nothing 

The classical Thue–Morse construction begins with: 

0 

The rule is astonishingly small: 

“Copy the existing string, flip every bit in the copy, and append it.” 

So: 

0  →  01 

01  →  0110 

0110  →  01101001 

01101001  →  0110100110010110 

And so on. 

In symbols: 

Wₙ₊₁ = Wₙ ∥ complement(Wₙ) 

Or, in the simplest possible language: 

preserve  →  flip  →  double 

This exact construction is already recorded in the PTM chapter of the Book. At first sight it 
looks almost too simple to do anything profound. But the balancing behaviour is hidden 
directly inside the rule. 

3. First generation: balance of quantity 

Start with: 

0  →  01 

We now have one 0 and one 1. 

#0 = #1 

That is the first kind of balance. PTM has simply produced a state and its opposite: 

0 ∨ 1 

One side balances the other. 

4. Second generation: balance of position 

Apply the same rule again: 

01  →  0110 

Number the positions: 
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1, 2, 3, 4 

The zeros are at 1 and 4. The ones are at 2 and 3. Both sides contain two members, but 
something stronger has appeared: 

1 + 4 = 2 + 3 = 5 

So PTM has gone from balancing only the number of members to balancing their positional 
sum. 

growth  →  deeper balance 

5. Third generation: the famous 1467 ∨ 2358 board 

Double again: 

0110  →  01101001 

Number the positions 1 through 8. The two polarity classes are: 

E₈ = {1, 4, 6, 7} 

G₈ = {2, 3, 5, 8} 

So the eight-bit PTM word directly gives the familiar board: 

1467 ∨ 2358 

First, both sides contain four positions. Then their ordinary sums balance: 

1 + 4 + 6 + 7 = 2 + 3 + 5 + 8 = 18 

But PTM has again gone one level deeper. Square all positions: 

1² + 4² + 6² + 7² = 2² + 3² + 5² + 8² = 102 

This is the classical Prouhet property already documented in the Book. 

So at eight bits PTM balances: 

• quantity — degree 0, 

• ordinary position sum — degree 1, 

• squared position sum — degree 2. 

Every doubling has increased the depth of exact balance. 

6. But then something apparently goes wrong 

Now cube the positions. 

1³ + 4³ + 6³ + 7³ = 624 

2³ + 3³ + 5³ + 8³ = 672 

They are no longer equal. The difference is: 
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672 − 624 = 48 

The Book had already identified this boundary: 

degrees 0, 1, 2: balanced 

degree 3: first asymmetry = 48 

Originally this could look like the point where the balancing property stops. That 
interpretation is incomplete. 

7. What happens if PTM simply grows one more time? 

Take the eight-bit word and apply the same old rule again. 

01101001  →  0110100110010110 

No correction. No special algorithm. No 48-detector. No little Matrix mechanic saying: 

“Amai, we’ve got an imbalance here, better fix it.         ” 

Now test the cubes again. At sixteen bits the two PTM polarity sets have exactly equal cubic 
sums: 

9248 = 9248 

The cubic imbalance has disappeared. The same degree that failed at eight bits becomes 
perfectly balanced at sixteen bits. 

PTM did not need an external repair instruction. It simply grew according to its original rule, 
and by growing it automatically balanced the previous unresolved level. 

So the pattern is: 

current balance depth  →  first unresolved stress  →  double  →  that stress balances  →  new 
stress one degree higher 

That is why this is a self-generating balance hierarchy. 

8. The imbalance does not disappear — the frontier moves upward 

At sixteen bits, cubes balance. But fourth powers do not yet balance. 

first unresolved fourth-power difference: 1536 

At thirty-two bits, fourth powers balance and the first generic failure moves to degree 5. At 
sixty-four bits, degree 5 balances and the first failure moves to degree 6. And so on. 

So PTM has not magically made every conceivable observable equal. Something much more 
structured occurs: 

8 bits   → balance through degree 2   → first stress at degree 3 

16 bits  → balance through degree 3   → first stress at degree 4 

32 bits  → balance through degree 4   → first stress at degree 5 
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64 bits  → balance through degree 5   → first stress at degree 6 

Each new generation creates one additional exact level of balance. 

balance → first unresolved stress → growth → stress becomes balanced → new stress one 
level higher 

This is an exact mathematical version of the dynamical language we had been using: wobble, 
stress, restoration, growth and higher closure. 

9. The for-dummies tower 😂 

Imagine PTM building a tower. 

At first it can balance only the ground floor. It doubles, and now it can balance one floor 
higher. It doubles again, and another floor becomes exact. There is always a first floor above 
the current balance horizon that still wobbles. 

The system never says: 

“I have failed because one floor is still unbalanced.” 

Instead: 

the remaining imbalance marks the frontier of the next growth step. 

The imbalance is therefore not necessarily a defect. It can be information about where the 
next level begins. 

10. The balancing mechanism does not depend on starting from 0 

Now make the result much stronger. 

Instead of beginning with a single 0, begin with any finite binary word w: 1, 001, 101101, or any 
other finite binary string. 

Apply the PTM substitution repeatedly: 

0 → 01,      1 → 10 

After one substitution every old bit has produced one 0 and one 1, so total polarity balances. 
After two substitutions positional sums balance. After three, squares balance. After k 
substitutions, all positional power sums through degree k−1 balance. 

after k substitutions:  r = 0, 1, …, k−1  all balance 

So the balance-producing property belongs to the transformation itself, not merely to one 
lucky starting word. 

Repeated PTM growth acts as a universal balance-producing operator on any finite binary 
seed. 

11. Why this happens — without making the reader cry 😂 

Give every 0 the sign +1 and every 1 the sign −1. 
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For a finite signed word with coefficients εᵢ = ±1, define the positional polynomial: 

P(x) = ε₀ + ε₁x + ε₂x² + ⋯ 

This is simply a compact way of storing which polarity occupies which position. 

One PTM substitution sends every old sign εᵢ to the pair εᵢ, −εᵢ. Therefore: 

𝑷new(𝒙) = (𝟏 − 𝒙)𝑷old(𝒙𝟐).  

Do it repeatedly: 

𝑃2(𝑥) = (1 − 𝑥)(1 − 𝑥2)𝑃0(𝑥4). 

𝑃3(𝑥) = (1 − 𝑥)(1 − 𝑥2)(1 − 𝑥4)𝑃0(𝑥8). 

After k substitutions: 

𝑃𝑘(𝑥) = 𝑃0(𝑥2𝑘
) ∏(

𝑘−1

𝑗=0

1 − 𝑥2𝑗
).  

The universal factor is: 

𝐾𝑘(𝑥) = ∏(

𝑘−1

𝑗=0

1 − 𝑥2𝑗
).  

Within our framework we can call this the PTM Balance Kernel. 

12. Why the kernel creates progressively deeper balance 

Every factor 1 − 𝑥2𝑗
 contains a factor 1 − x. 

1 − 𝑥2 = (1 − 𝑥)(1 + 𝑥), 

1 − 𝑥4 = (1 − 𝑥)(1 + 𝑥 + 𝑥2 + 𝑥3). 

Therefore the complete kernel contains k copies of 1 − x: 

(1 − 𝑥)𝑘 ∣ 𝐾𝑘(𝑥).  

(1 − x)^k divides K_k(x) 

So x = 1 is a zero of order at least k. That is exactly what forces the first k positional moments 
to cancel between the two polarity groups. 

Translated out of algebra-speak: 

after k PTM doublings, both polarity sides have equal power sums for every degree r < k. 

Thus three doublings balance degrees 0,1,2; four doublings balance 0,1,2,3; five doublings 
balance 0 through 4; and so on indefinitely. 

That is the source theorem behind the hierarchy. 
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13. The first remaining imbalance is also completely determined 

The first moment that is not automatically forced to balance has an exact magnitude. 

For canonical PTM, with the sign depending only on which polarity side is subtracted from 
which: 

Δ𝑘 = (−1)𝑘𝑘! 2𝑘(𝑘−1)/2  

The first few values are: 

k PTM length 
Balanced 
degrees 

First 
unresolved 

degree 
|Δₖ| 

1 2 0 1 1 
2 4 0–1 2 4 
3 8 0–2 3 48 
4 16 0–3 4 1536 
5 32 0–4 5 122880 

So the famous 48 at the eight-position Prouhet board is not a random failure. It is the 
mathematically required first unresolved moment at that scale. 

That completely changes the meaning of the stress boundary. 

14. Stress is not an error 

At every finite PTM scale there is a balance horizon. 

Everything below that horizon is exactly balanced. At the horizon there remains a first non-
zero asymmetry. The next PTM growth step pushes the horizon upward and absorbs that 
previous asymmetry into exact balance. 

stress = boundary between balance already achieved and balance available at the next 
scale 

That is much closer to our earlier language of Hinges, stress filters, cycle boundaries and 
balance restoration than the crude picture of “an error being repaired.” 

We should not automatically identify every upper PTMD stress system with this one kernel. 
But the conceptual resemblance is now mathematically precise enough to test rather than 
merely describe. 

15. The wobbling-board idea gets a better definition 

Earlier we sometimes pictured the Matrix board as “wobbling” an out-of-place value back 
into balance. 

The PTM theorem suggests a cleaner model. PTM does not erase local differences. If one bit 
is changed, recursive complementation does not magically delete that information. 

Instead, recursion spreads the information while forcing progressively deeper aggregate 
cancellations. 
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local difference  →  recursive complement  →  higher-scale cancellation 

Or, in Book language: 

stress  →  growth  →  higher balance 

The fine details can remain different while the larger-scale balance becomes increasingly 
exact. 

16. The original X-axis equality was already forced 

Now we return to the X-axis. 

The eight-position PTM partition is: 

E₈ = {1,4,6,7}, G₈ = {2,3,5,8} 

It equalizes both ∑k and ∑k². 

The original X-axis Recursive Summing Algorithm uses triangular numbers. For an X multiplier 
m: 

𝑇(𝑚𝑘) =
𝑚2𝑘2 + 𝑚𝑘

2
. 

This is a quadratic polynomial in k. Because PTM already equalizes the k and k² moments, the 
X-axis sums must be equal on both polarity sides: 

∑ 𝑇

𝑘∈𝐸

(𝑚𝑘) = ∑ 𝑇

𝑘∈𝐺

(𝑚𝑘)  

∑_{k∈E₈} X₂(mk) = ∑_{k∈G₈} X₂(mk) for every multiplier m. 

For the Book’s seven-cycle scaling m = 7: 

2562 = 2562 

This theorem already explains all six recorded X-axis mirror totals. The X-axis did not 
manufacture the equality; it revealed a balance that PTM had already guaranteed. 

But the later discovery shows that this was only the first visible layer. 

17. The missing step: recursive X summing itself forms a hierarchy 

Your original X starts with the ordinary natural-number field: 

1, 2, 3, 4, 5, … 

Cumulatively sum it once: 

1, 3, 6, 10, 15, … 

These are triangular numbers: 

X₂(n) = n(n+1)/2 = C(n+1,2) 
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The highest power is n², so we call this the quadratic X layer. “Quadratic” refers to polynomial 
degree, not to the geometry of the X-axis.          

Now cumulatively sum those triangular numbers again: 

1, 4, 10, 20, 35, … 

These are tetrahedral numbers: 

X₃(n) = n(n+1)(n+2)/6 = C(n+2,3) 

The highest power is n³, so this is cubic X. 

Sum once more: 

1, 5, 15, 35, 70, … 

X₄(n) = C(n+3,4) 

That is quartic X. Continue indefinitely. 

The whole family can be written: 

X_d(n) = C(n+d−1, d) 

Each additional cumulative-summing pass raises the polynomial degree by exactly one. 

18. The PTM–X Recursive Summing Theorem 

Now the two recursions lock together. 

A PTM block of length 2^(d+1) balances all positional moments through degree d. The X 
function X_d(n) is a degree-d polynomial. Therefore X_d(mk) is also a degree-d polynomial in k 
for every multiplier m. 

Let E and G be the two PTM polarity families in a block of length 2^(d+1). PTM guarantees: 

∑ 𝑘𝑟

𝐸

= ∑ 𝑘𝑟

𝐺

  𝑟 = 0,1, … , 𝑑. 

Since: 

𝑋𝑑(𝑚𝑘) = 𝑎𝑑𝑘𝑑 + 𝑎𝑑−1𝑘𝑑−1 + ⋯ + 𝑎0. 

every term is separately balanced. Therefore: 

∑ 𝑋𝑑

𝑘∈𝐸

(𝑚𝑘) = ∑ 𝑋𝑑

𝑘∈𝐺

(𝑚𝑘)  

∑_{k∈E} X_d(mk) = ∑_{k∈G} X_d(mk) for every multiplier m. 

That is the PTM–X Recursive Summing Theorem. 

In ordinary language: 
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“Every additional cumulative X summing pass raises the X polynomial degree 
by one, while every PTM doubling raises exact Prouhet balance depth by one. 
Therefore the two hierarchies scale together indefinitely.” 

The underlying equal-power-sum theorem is classical Prouhet–Thue–Morse mathematics. 
The new PTMD/X result is the exact identification of that hierarchy with the recursive 
cumulative-summing architecture of X. 

19. The crucial tests: fail one level too early, balance exactly at the predicted 
level 

A useful theorem must survive negative controls. 

If every X construction balanced at every PTM width, the equality would tell us very little. 
Instead, something much more precise happens: 

each X degree fails exactly one PTM level too early  
and then: 

becomes perfectly balanced after precisely one PTM doubling.  

 
Even better, the failure itself is not arbitrary. 

The residual difference at the too-small PTM level is mathematically determined in advance. 

For the X recursive-summing hierarchy: 

𝑋𝑑(𝑛) = (
𝑛 + 𝑑 − 1

𝑑
), 

so 𝑋𝑑 is a polynomial of degree 𝑑, with leading term: 

𝑛𝑑

𝑑!
. 

 

Now consider the PTM block one level too small for 𝑋𝑑 . 

That block has length: 

2𝑑 , 
 

and therefore balances all positional powers only through degree: 

0,1, … , 𝑑 − 1. 

 
Its first unresolved positional moment is degree \(d\), with magnitude: 

𝑑! 2𝑑(𝑑−1)/2  
up to polarity orientation. 
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When we evaluate the X function at the scaled positions 𝑚𝑘, 

𝑋𝑑(𝑚𝑘) = (
𝑚𝑘 + 𝑑 − 1

𝑑
), 

 
all lower-degree terms cancel between the PTM polarity groups. 

Only the leading 𝑘𝑑  term survives. 

Therefore the entire one-level-too-small X residual is forced to be: 

|Δ𝑋𝑑
| = 𝑚𝑑  2𝑑(𝑑−1)/2.  

 
That gives us a complete residual-stress hierarchy. For the familiar X multiplier: 

𝑚 = 7, 
we obtain: 

𝑋2:   72 ⋅ 21 = 98 , 

𝑋3:   73 ⋅ 23 = 2744 , 

𝑋4:   74 ⋅ 26 = 153664 , 

and: 

𝑋5:   75 ⋅ 210 = 17210368 . 
 

So the corrected test table becomes: 

X layer Degree Too-small 
PTM control 

Matched PTM 
level 

Matched result 
(m=7) 

X₂ triangular 2 

 
4 positions: 

434 vs 
336(Δ=98) 

 

8 positions 2562 = 2562 

X₃ cubic 3 

 
8 positions: 

38213 vs 
40957 

(Δ=2744) 
 

16 positions 547162 = 547162 

X₄ quartic 4 

16 positions: 
13084246 vs 

12930582 
(Δ=153664) 

 

32 positions 
374537548 = 
374537548 
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X₅ quintic 5 

32 positions: 
14468060712 

vs 
14485271080 
(Δ=17210368) 

64 positions 862696480464 = 
862696480464 

This makes the hierarchy much clearer. The original quadratic X is already a perfect example. 

At four positions the PTM partition balances only degrees 0 and 1. 

But triangular X is quadratic: 

𝑋2(𝑛) = (
𝑛 + 1

2
) =

𝑛2 + 𝑛

2
. 

 
So the four-position PTM block is one degree too shallow. 

Using m=7, the two sides give:  

434  and  336, 

with: 

|Δ| = 98. 
And this is exactly: 

72 ⋅ 2 = 98. 

 
Now double PTM from four positions to eight. 

The eight-position PTM board balances through degree 2, so every component of triangular X 
cancels exactly. The result becomes: 

2562 = 2562 . 
 

The cubic test repeats the same mechanism one level higher. 

At eight positions, PTM balances only through degree 2. 

Cubic X contains degree 3, so it must fail. 

And it does: 

38213  vs  40957, 
giving: 

|Δ| = 2744. 

 
But that difference is not merely an observed mismatch. 

The theorem predicts: 
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73 ⋅ 23 = 343 ⋅ 8 = 2744 . 

Then PTM doubles to sixteen positions. 

The new board balances through degree 3. 

Therefore cubic X must now close exactly: 

547162 = 547162 . 

The quartic test repeats the architecture again. 

At sixteen positions: 

13084246  vs  12930582, 
so: 

|Δ| = 153664. 
And again: 

74 ⋅ 26 = 2401 ⋅ 64 = 153664 . 

Double PTM to thirty-two positions and degree 4 enters the exact balance horizon: 

374537548 = 374537548 . 
Then comes the quintic test. 

At thirty-two positions PTM balances only through degree 4. 

Therefore quintic X must still contain one unresolved degree-5 component. 

The two sides are: 

14468060712 
and: 

14485271080. 
Their difference is: 

17210368 . 

And once again this is exactly the predicted residual: 

75 ⋅ 210 = 16807 ⋅ 1024 = 17210368 . 

Now double PTM once more: 

32 → 64. 

The sixty-four-position PTM board balances through degree 5. 

Therefore quintic X closes exactly: 

862696480464 = 862696480464 . 

So the negative controls themselves form a second exact hierarchy: 
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98 → 2744 → 153664 → 17210368 → ⋯  

with the general law: 

|Δ𝑋𝑑
| = 𝑚𝑑  2𝑑(𝑑−1)/2.  

This is important. The X layer does not merely: 

fail → then balance. 

It does something much more structured: 

fails by the mathematically required residual → PTM doubles → that entire residual disappears.  

So the first unresolved X difference at one scale is exactly the stress that the next PTM 
generation absorbs into balance. 

That is the PTM self-generating balance hierarchy appearing directly inside the X 
recursive-summing hierarchy. 

In other words: 

today's calculable imbalance → tomorrow's exact balance.  

And the multiplier is not doing the magic either. 

For example, with: 

𝑚 = 60, 

the same matched PTM levels give: 

cubic X at 16 positions:  334275760 = 334275760, 

and: 

quartic X at 32 positions:  1963982529960 = 1963982529960. 

So the scalable equality is not produced by choosing 7 cleverly. 

The multiplier changes the numerical size of the field and therefore the size of the one-level-
too-early residual: 

|Δ𝑋𝑑
| = 𝑚𝑑  2𝑑(𝑑−1)/2, 

but it does not change the PTM balance law. 

The balance comes from the depth of the PTM recursion itself. 

We can therefore summarize the complete test architecture as: 
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𝑋𝑑 at 2𝑑  PTM positions
⇓

exactly one unresolved degree
⇓

|Δ| = 𝑚𝑑2𝑑(𝑑−1)/2

PTM doubles to 2𝑑+1

⇓
degree 𝑑 enters the balance horizon

⇓
Δ = 0

 

That is why the negative controls are so important. 

They do not weaken the theorem. 

They reveal its mechanism. 

𝐏𝐓𝐌 𝐝𝐨𝐞𝐬 𝐧𝐨𝐭 𝐦𝐞𝐫𝐞𝐥𝐲 𝐩𝐫𝐞𝐝𝐢𝐜𝐭 𝐰𝐡𝐞𝐫𝐞 𝐗 𝐛𝐚𝐥𝐚𝐧𝐜𝐞𝐬.  

It also predicts: 

𝐰𝐡𝐞𝐫𝐞 𝐗 𝐦𝐮𝐬𝐭 𝐬𝐭𝐢𝐥𝐥 𝐟𝐚𝐢𝐥,  𝐚𝐧𝐝 𝐞𝐱𝐚𝐜𝐭𝐥𝐲 𝐡𝐨𝐰 𝐥𝐚𝐫𝐠𝐞 𝐭𝐡𝐚𝐭 𝐟𝐚𝐢𝐥𝐮𝐫𝐞 𝐦𝐮𝐬𝐭 𝐛𝐞.  

And that makes the PTM–X Recursive Summing Theorem considerably stronger than a 
collection of equalities discovered after the fact. 

The addition of 

|Δ𝑋𝑑
| = 𝑚𝑑2𝑑(𝑑−1)/2  

turns the “negative controls” section into one of the strongest parts of the chapter, because 
now both failure and closure are predicted quantitatively. 

And the residual of the PTM–X theorem itself routes back toward 237 before closing at 37: 

17210368 → 721|3681 → 73|369 → 73  

17210368 → 723|1168 → 723|88 → 237|7 → 37 . 

20. The pairing is fixed: PTM scale is the balance-depth index of X 

The later discussion clarified one more point: the PTM-to-X correspondence itself does not 
need a fluctuating selector. The ladder is structural and one-to-one: 

4-bit PTM   ↔   X₁  linear 

8-bit PTM   ↔   X₂  quadratic / triangular 

16-bit PTM  ↔   X₃  cubic 

32-bit PTM  ↔   X₄  quartic 

64-bit PTM  ↔   X₅  quintic 
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… 

2^(d+1)-position PTM  ↔  X_d 

The reason is not optional. A degree-d X observable needs moment balance through degree 
d, and the smallest canonical PTM block that guarantees this is the 2^(d+1)-position block. 

So cubic X does not sometimes “choose” sixteen-bit PTM. It requires that balance level 
because eight-bit PTM does not cancel k³ while sixteen-bit PTM does. 

one PTM doubling  ⇔  one additional X summing depth 

The neatest formulation is: 

PTM scale is the balance-depth index of X. 

A separate higher-level question may remain about which already-available layer is 
manifested in a particular phase or state. But the depth correspondence itself is fixed. 

21. What this changes about the X-axis 

This upgrades our earlier statement substantially. 

The old statement was: 

“PTM explains one observed X-axis equality.” 

The revised statement is: 

“PTM mathematically contains the scalable balance law underlying the whole 
hierarchy of X-style recursive cumulative summing.” 

The original triangular X algorithm is therefore not an isolated machine that happened to 
cross PTM once. It is the d = 2 member of an infinite ordered family: 

X₁ → X₂ → X₃ → X₄ → X₅ → ⋯ 

while PTM supplies the matching balance hierarchy: 

4 → 8 → 16 → 32 → 64 → ⋯ 

The X spreadsheet we first reverse-engineered may therefore be the first macroscopic X layer 
we happened to see clearly, not the end of the X hierarchy. 

In that precise sense, the X-axis equality engine is embedded in PTM recursion. 

22. Are the other X ingredients really external? 

Before the later tests, we still treated several X ingredients as if they might have been 
supplied entirely by an external lens. 

That now looks too conservative. Several of them already have direct PTM ancestors. 

1. Position / coordinate space 
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PTM is indexed by positions from the start. At eight bits, the zero and one positions directly 
produce 1467 ∨ 2358. Positional moments ∑k, ∑k², ∑k³, … are therefore native observables of 
the PTM object. 

PTM position space  →  moment hierarchy  →  X polynomial readout 

2. The 369 source family and orientation 

The four-bit PTM nibble 0110 has the exact fixed-width rotation orbit: 

6 → 12 → 9 → 3 → 6 

After the familiar reduction 12 → 3, the visible state family is 3, 6, 9. So the primitive 369 
grammar is already PTM-native. 

The bare nibble does not literally rotate through the decimal string 396. Rather, it supplies the 
primitive 3/6/9 state-space; later lawful orientation/readout operations can render forms 
such as 369 and 396. 

3. The 60 / 300 / 360 source-scale values 

The finite PTM rotational projections already expose 60 at four bits and 300/360 at eight bits, 
with 360 − 300 = 60. These are projection values, not periods of the infinite aperiodic PTM 
sequence. 

This does not yet derive the complete six-step 60→120→180→240→300→360 ladder uniquely 
from PTM alone, but it means those major X/Y cycle values are not foreign to the source layer. 

4. Recursive cumulative summing 

This used to be the largest open box. The new theorem closes the equality question: every X 
summing depth has an exact PTM balance partner, indefinitely. What remains more subtle is 
whether the cumulative-sum operator itself can be derived as a uniquely selected PTM 
readout rather than introduced as a natural observable.  

That is now a much narrower problem than before. 

23. PTM and X share the same natural-number clock 

There is also a simple reason cumulative summing no longer looks arbitrarily bolted onto 
PTM. A standard definition of Thue–Morse is: 

t(n) = popcount(n) mod 2 

So PTM itself is generated while walking through the ordinary natural-number line: 

n = 0, 1, 2, 3, 4, …      with      n → n+1 

PTM reads that clock through binary carry and parity. X reads the same natural-number clock 
through accumulation. 

natural-number successor → binary carry / parity → PTM 

natural-number successor → cumulative summing → X 
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The channels are not independent, because the PTM polarity partition determines which X 
coordinates must balance. 

This gives an economical common-engine picture: 

same index clock + PTM polarity + X cumulative observable → X equality architecture 

That does not yet prove that PTM uniquely selects cumulative summing. But it shows that 
both structures are reading the same underlying counter rather than living on unrelated 
number lines. 

24. And now resonance unexpectedly returns 

There is another way to look at the same Balance Kernel. 

Put: 
𝑥 = 𝑒𝑖𝜔. 

Then: 

𝐾𝑘(𝑒𝑖𝜔) = ∏ (1 − 𝑒𝑖2𝑗𝜔)

𝑘−1

𝑗=0

. 

and: 

|1 − 𝑒𝑖𝜃| = 2|sin(𝜃/2)|. 

So the Prouhet balance mechanism can also be viewed as a hierarchy of phase cancellation. 
Some recursively related phases cancel; others reinforce. 

That gives us a firmer possible definition of PTMD resonance: 

resonance = constructive or destructive coupling between recursively related PTM 
balance modes 

Rather than merely saying “69 likes 96”         , we can ask whether 69/96 are visible numerical 
projections of complementary states inside a deeper phase-cancellation structure. 

25. What is now proved — and what remains open 

This is where the firefighter earns his doughnut.                                   

The following points are now on the proved / theorem-level side of the ledger: 

• PTM recursion generates progressively deeper exact Prouhet balance. 

• After k substitutions, positional power sums balance through degree k−1. 

• The first unresolved moment has the exact magnitude |Δₖ| = k!·2^[k(k−1)/2]. 

• The original X-axis triangular equality is mathematically forced by eight-bit PTM moment 
balance. 
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• The whole recursive X summing hierarchy scales with PTM depth according to the PTM–X 
Recursive Summing Theorem. 

• The level pairing is fixed: 8 pairs with X₂, 16 with X₃, 32 with X₄, 64 with X₅, and in general 
2^(d+1) positions pair with X_d. 

• The explicit m=7 tests include the crucial negative controls one PTM level too early, 
followed by exact closure at the predicted level. 

The following questions remain open or only partly derived: 

• Why the full PTMD architecture selects particular X/Y/Z readouts at particular phases. 

• Whether the complete six-step 60/360 decimal field decomposition is uniquely forced 
from PTM alone. 

• Exactly how the primitive PTM 369 ring grammar is transposed into every upper 369/396 
orientation. 

• Whether every later object — 55, 69/96, 237, 396, LNS, GNS, ENS, RFUSA, PNS and every 
SUDTQ+ Hinge — can ultimately be derived as a necessary projection of this one source 
hierarchy. 

The distinction matters. The balance engine and the X recursive-summing bridge are no 
longer hypothetical. The remaining questions concern how much of the upper architecture is 
generated as readout, routing and phase manifestation of that engine. 

26. The revised architecture 

The picture can now be written more compactly than before: 

binary polarity 

↓ 

copy / complement / double 

↓ 

progressively deeper Prouhet balance 

↓ 

first unresolved higher-order stress 

↓ 

next doubling absorbs that stress into exact balance 

↓ 

fixed PTM balance depth ↔ fixed X recursive-summing depth 

↓ 

position / phase / radix / orientation readouts 
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↓ 

237 routing / 396 manifestation / sieves / Hinges / higher closures 

The final upper chain remains a derivational program rather than a claim that every link has 
already been proved from the Balance Kernel alone. 

But two very large arrows are now mathematics: 

PTM recursion  →  self-generating balance hierarchy 

PTM balance hierarchy  →  scalable X recursive-summing equality 

27. For-dummies conclusion 😂 

Start with 0. 

Make its opposite. Now quantity balances. 

Double again. Now positions balance. 

Double again. Now positions and squares balance, but cubes do not. 

Double again. Now cubes balance too, while fourth powers become the new frontier. 

Keep doubling and the same thing happens forever. 

Now look at X. Start with the natural numbers and sum them. That produces quadratic X. 
Sum again: cubic X. Sum again: quartic X. Every extra summing pass raises the degree by 
one. 

PTM does exactly the complementary thing: every doubling raises its exact balance capacity 
by one degree. 

X says: “sum one level deeper.” 

PTM says: “then I double and balance one level deeper.”          

So the old X-axis was not an isolated curiosity. It was the quadratic face of a whole PTM-
compatible recursive-summing staircase. The unresolved difference at each PTM level is not 
the end of balance. It is the boundary of the next balance level. 

PTM grows by continuously turning yesterday’s imbalance into today’s balance. 

And the X hierarchy gives that growing balance a matching recursive-summing 
geometry. 

So when we kept saying: “The balance is already inside PTM.” 

the answer is now stronger than before. 

YES — and the X-axis is one of the exact ways that balance becomes visible. 

Amai. Now we are not merely collecting correspondences anymore. We are compressing the 
architecture.                               LET LOVE RULE!                    


